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NULLSPACES OF ENTANGLEMENT BREAKING
CHANNELS AND APPLICATIONS
DAVID W. KRIBS1,2, JEREMY LEVICK1,2, KATRINA OLFERT1, RAJESH
PEREIRA1, MIZANUR RAHAMAN3
Abstract. We investigate the nullspace structures of entanglement
breaking channels, and related applications. We show that every op-
erator space of trace zero matrices is the nullspace of an entanglement
breaking channel. We derive a test for mixed unitarity of quantum
channels based on complementary channel behaviour and entanglement
breaking channel nullspaces. We identify conditions that guarantee the
existence of private algebras for certain classes of entanglement breaking
channels.
1. Introduction
Entanglement breaking channels are a fundamental class of physical maps
in quantum information theory. Many important and well-studied examples
of channels turn out to be entanglement breaking, and this class of maps
has arisen in numerous areas of the subject, including a key role in channel
capacity investigations that have yielded surprising information theoretic
results for quantum channels. We point the reader to [18, 21] and forward
references for an entrance into the extensive literature on these channels.
In this paper, we investigate the nullspace structures of entanglement
breaking channels and we develop a pair of applications to different areas of
quantum information. We first show that every self-adjoint operator space of
trace zero matrices is the nullspace of such a channel. Building on this, and
taking motivation from quantum privacy, we derive a test for mixed unitar-
ity of quantum channels [3, 17, 22, 16, 32] based on entanglement breaking
channel nullspaces and complementary channel [19, 20, 21] behaviour. Start-
ing from a connection with channel nullspaces, we also identify conditions
that guarantee the existence of private algebras [2, 9, 5, 6, 13, 26, 23, 33, 14]
for certain classes of entanglement breaking channels based on an analysis
of multiplicative domains [10, 11, 24, 29, 38, 39] for the channels.
This paper is organized as follows. The next section includes preliminary
material. In Section 3 we give the operator space nullspace construction.
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Section 4 includes the derivation of the mixed unitary test. Then we present
the identification and construction of private algebras in Section 5.
2. Preliminaries
Quantum channels are central objects of study in quantum information
[35, 19] and are given mathematically by completely positive and trace pre-
serving maps on (in the finite-dimensional case) the set of complex n × n
matrices Mn(C). Every channel Φ : Mn(C) → Mn(C) can be represented
in the operator-sum form by a set of operators Vi ∈ Mn(C), such that
Φ(ρ) =
∑
i ViρV
∗
i and with the trace-preservation condition
∑
i V
∗
i Vi = I
satisfied where I is the identity matrix. The dual map Φ† on Mn(C) will
also arise in our analysis, which is the completely positive (and unital when
Φ is trace preserving) map given by Φ†(X) =
∑
i V
∗
i XVi.
When convenient we will viewMn(C) as the matrix representations of the
set of operators acting on n-dimensional Hilbert space H = Cn, represented
in the standard orthonormal basis {e1, · · · , en}. Outer products will be
written as rank one operators vw∗ for v,w ∈ H, defined by (vw∗)(u) =
(w∗u)v, where w∗u is the inner product of w with u. Note the implication
that for us, inner products are antilinear in their first argument, not the
second. Additionally we will use the default notation ρ for density operators
or matrices; that is, positive operators with trace equal to one. We will also
use the notation Mn(C)0 to denote the set of trace zero n × n complex
matrices.
2.1. Entanglement Breaking Channels. An important class of channels
are those that break all entanglement when acting on a composite system
with the identity channel of the same size, Φ⊗id [18, 21]. There are numerous
equivalent characterizations of entanglement breaking channels, including a
physically motivated description as the composition of quantum-classical
and classical-quantum channels in the same orthonormal basis. The Holevo
form for such channels [18] is given as follows.
Definition 2.1. A quantum channel Φ :Mn(C)→Mn(C) is entanglement
breaking if it can be written as:
(1) Φ(ρ) =
d∑
k=1
Tr(Fkρ)Rk,
with the {Fk} forming a positive-operator valued measure (Fk ≥ 0 and∑
k Fk = I) and each Rk a density operator. We shall make the further
assumption that none of the Fk are zero, which has always been followed in
practice.
We will also make use of the characterization of entanglement breaking
channels as precisely the channels with an operator-sum representation com-
prised of rank one Kraus operators. That is, Φ is entanglement breaking if
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and only if there are rank one operators {viw∗i }di=1 such that
(2) Φ(ρ) =
d∑
i=1
viw
∗
i ρwiv
∗
i .
Without loss of generality, we will assume throughout that ‖vi‖ = 1 for all
i, and hence trace preservation gives the constraint:
∑
iwiw
∗
i = I. To avoid
degeneracy we also assume each wi 6= 0.
2.2. Complementary Channels. The following notion will be used in two
of our sections below.
Definition 2.2. Let Φ : Mn(C) → Mn(C) be a quantum channel with a
minimal set of Kraus operators {Vi}di=1. The canonical complement of Φ is
the channel ΦC :Mn(C)→Md(C) defined by
(3) ΦC(ρ) =
d∑
i,j=1
Tr(V ∗j Viρ)Eij ,
with Eij = eie
∗
j for 1 ≤ i, j ≤ n.
A complementary channel for Φ is any isometric adjunction of the canon-
ical complement; that is, Ψ is a complementary channel for Φ if and only if
there exists an isometry W such that
Ψ(ρ) =WΦC(ρ)W ∗.
Complementary channels arise from the Stinespring representation [41] of
a channel. The freedom to conjugate by an isometry comes from the inherent
freedom to choose a Stinespring representation; alternatively, as any set of
Kraus operators {V˜i}ri=1 for Φ is related to the canonical minimal choice by
V˜i =
∑d
j=1wijVj for some isometry W = (wij), we see that adjunction by
an isometry corresponds simply to picking a different set of Kraus operators
for Φ.
For more background on complementary channels see [19, 20, 21] and
forward references. Though not directly relevant to our analysis, it is worth
noting that the complementary channel of an entanglement breaking channel
is a Schur product channel [36, 19], which have also been recently explored
[34] in the quantum privacy context to which we now turn.
2.3. Private Subspaces and Algebras, and Channel Nullspaces. One
motivation for considering nullspaces of quantum channels comes from quan-
tum privacy.
We first recall the definition of a private subspace: given a channel Φ on
H and a subspace C, we say C is private for Φ if there is a density operator
ρ0 such that Φ(ρ) = ρ0 for all ρ supported on C; that is, for all ρ on H with
ρ = PCρPC and where PC is the projection onto C. We can also view the
algebra of operators on H supported on C as being privatized in this case,
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where that algebra is unitarily equivalent to Mk(C) if dim C = k (and it
encodes log2 k qubits in that case).
In the same vein, we can consider privatization of more general operator
algebras A on H, say unitarily equivalent to some Im⊗Mk(C), where Im is
the m×m identity matrix; namely, the existence of some density operator
ρ0 such that Φ(A) = Tr(A)ρ0 for all A ∈ A. Such algebras are exactly the
simple finite-dimensional C∗-algebras [15], and when m > 1 they are used
to encode ‘subsystem codes’ (see [27, 28, 37, 40, 4, 1, 25] and forward refer-
ences). More generally, orthogonal direct sums of such algebras (i.e., general
finite-dimensional C∗-algebras), what we will call ∗-algebras, are used to de-
scribe hybrid classical-quantum information encodings (see [30, 7, 8] and
forward references) and we can similarly consider channel privatization of
such algebras. Even more generally one can consider privatizing operator
spaces, though our constructions in the final section focus on algebras due
to the physical motivations discussed above.
Originally introduced as the quantum analogue of the classical one-time
pad and called private quantum channels [2, 9], investigations of private alge-
bras and related notions have continued and expanded over the past several
years; see for instance [5, 6, 13, 26, 23, 33, 14]. The following observation
connects such investigations with channel nullspace analyses.
Proposition 2.3. Let Φ : Mn(C) → Mn(C) be a channel and let A ⊆
Mn(C) be a ∗-subalgebra. Then A is private for Φ if and only if the set of
trace zero operators of A are contained inside the nullspace of Φ; that is,
A∩Mn(C)0 ⊆ nullspace(Φ).
Proof. We prove this result for the private subspace case, so A = Mk(C)
with (k-dimensional) support subspace C, the general algebra case is simi-
lar. Let N = nullspace(Φ) and note that by considering the real-imaginary
decomposition of an operator, one sees that A0 := A ∩Mn(C)0 being con-
tained in N is equivalent to showing the Hermitian trace zero operators
inside A0 belong to N .
So suppose C is private for Φ. Given a trace zero Hermitian operator
H supported on C, we can write it in the standard way as a difference of
positive operators supported on C: H = λ1ρ1 − λ2ρ2 where ρi are density
operators and λi are real scalars. But actually λ := λ1 = λ2 as Tr(H) = 0.
Hence, Φ(H) = λ(Φ(ρ1)− Φ(ρ2)) = 0 and H ∈ N .
On the other hand, given any two density operators ρ1, ρ2 supported on
C, their difference is a trace zero operator supported on C. Thus, if A0 is
contained in N , we have 0 = Φ(ρ1− ρ2) = Φ(ρ1)−Φ(ρ2) and it follows that
C is a private subspace for Φ. 
3. Channel Annihilation of Trace Zero Operator Spaces
In this section, we give a construction of entanglement breaking channels
that annihilate prescribed operator spaces and discuss a pair of examples.
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Note first that the nullspace {X ∈ Mn(C) : Φ(X) = 0} of any quantum
channel Φ : Mn(C) → Mn(C), in particular as a trace-preserving map, is
contained inside the operator subspace of trace zero matrices, and that it is
a self-adjoint subspace as a channel is a positive map.
Proposition 3.1. Let N be a self-adjoint subspace of the trace zero ma-
trices inside Mn(C). Then there is an entanglement breaking channel Φ :
Mn(C)→Mn(C) such that nullspace(Φ) = N .
Proof. In the case that N = Mn(C)0, we may use the so-called completely
depolarizing channel ΦCD(A) =
Tr(A)
n
I, which is evidently in the Holevo
form with F1 = I, R1 =
1
n
I. (It is also implemented with Kraus operators
given by any complete set of rank one matrix units Eij = eie
∗
j , where {ei}
form an orthonormal basis for Cn.)
Thus, for the rest of the proof assume N ( Mn(C)0, and let {Hk}mk=1
be an orthonormal basis (in the trace inner product 〈A,B〉 = Tr(B∗A)) of
Hermitian operators for N⊥∩Mn(C)0, and further let Hm+1 = −
∑m
k=1Hk.
For 1 ≤ k ≤ m + 1, define scalars λk = λk,min when Hk has negative
eigenvalues and where λk,min is the minimal eigenvalue of Hk, and put λk =
−1 when Hk ≥ 0. Let λ = −
∑
k λk and define positive operators Fk =
λ−1(Hk − λkI). Observe that {Fk}m+1k=1 forms a POVM as
∑
k Fk = I.
Now let {Rk}m+1k=1 be a set of linearly independent density operators inside
Mn(C), and define an entanglement breaking channel Φ(ρ) =
∑
k Tr(ρFk)Rk.
Then we have X ∈ nullspace(Φ) if and only if Tr(XFk) = 〈X,Fk〉 = 0 for
all 1 ≤ k ≤ m+ 1. However, we also have by construction:
(span{Fk}m+1k=1 )⊥ = (span{Hk}m+1k=1 ∪ {I})⊥
= (span{Hk}m+1k=1 )⊥ ∩ {I}⊥
= (N⊥ ∩Mn(C)0)⊥ ∩Mn(C)0
= N ,
and so the result follows as nullspace(Φ) = N . 
The following is a simple illustrative example of the construction above.
Example 3.2. The completely depolarizing channel ΦCD(A) =
Tr(A)
2 I on
M2(C) is also implemented as a mixed unitary channel (discussed in more
detail in the next section) with Kraus operators given by the normalized
identity and Pauli operators {12I, 12X, 12Y, 12Z}, where X = E12 + E21, Y =
iE21 − iE12, and Z = E11 − E22. Note these three operators also form an
orthogonal basis for M2(C)0.
If we consider the subspaceN = span{Z}, then following the construction
we can choose
√
2H1 = X and
√
2H2 = Y as Hermitian operators forming an
orthonormal basis for N⊥∩M2(C)0 = span{X,Y }, and putH3 = −H1−H2.
Finally, we can take {R1, R2, R3} to be any set of three linearly independent
density operators inside M2(C), and define Φ as the entanglement breaking
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channel with {Fk, Rk} defining its Holevo form. One can verify directly that
nullspace(Φ) = N .
If we further consider the subspace N = span{X,Z}, then in this case
the construction gives us
√
2H1 = Y as a Hermitian operator forming an
orthonormal basis for N⊥ ∩M2(C)0 = span{Y }, and H2 = −H1. As above
and in the proof, a channel Φ that satisfies nullspace(Φ) = N can then be ex-
plicitly defined in the Holevo form by choosing any two linearly independent
density operators {R1, R2}.
3.1. Bi-Unitary Channels. In the spirit of these channel nullspace in-
vestigations, though somewhat outside our entanglement breaking channel
focus, we can also consider the class of bi-unitary channels. Such channels
are described by scenarios in which a system is exposed to unitary noise
with some fixed probability 0 < p < 1; as a channel this is given by the
map ΦU (ρ) = (1 − p)ρ + pUρU∗ for some fixed unitary operator U . These
are a special case of mixed unitary channels considered in the next section
and have been investigated in quantum error correction and numerical range
theory [12].
Suppose A is a non-zero Hermitian matrix in the nullspace of ΦU . Then
we will have
UAU∗ = −1− p
p
A.
As UAU∗ has the same spectrum as A, it follows that this equation cannot
be satisfied for p 6= 12 and hence nullspace(ΦU ) = {0} in those cases.
When p = 12 , we have a further equation
UAU∗ = −A,
which forces A and −A to have the same eigenvalues. Next, we can diago-
nalize U as
U =
∑
i
wiuiu
∗
i ,
with the wi lying on the unit circle of the complex plane and ui a set of
orthonormal eigenvectors for U . Expanding A = (aij) in this basis gives
UAU∗ =
∑
i,j
wiwjaijuiu
∗
j ,
and so wiwjaij = −aij for all i, j.
We thus end up with two options for each entry: aij = 0 or wi = −wj.
This tells us that, in the case p = 12 , we have a non-trivial null space for ΦU
determined by the eigenvalues of U that come in phase flip pairs, reminiscent
of quantum properties that generate, for instance, the Pauli matrices.
4. Mixed Unitary Test via Entanglement Breaking Channel
Nullspaces and Quantum Privacy
One useful application of the ideas above is to the type of channel known
as mixed unitary (or random unitary) channels.
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Definition 4.1. A channel Φ :Mn(C)→Mn(C) is said to be mixed unitary
if it can be written in the form
Φ(X) =
d∑
i=1
piUiXU
∗
i ,
where pi form a probability distribution (pi > 0,
∑
i pi = 1) and Ui ∈ U(n)
are unitaries. The Kraus operators for Φ are thus given by
√
piUi.
The class of mixed unitary channels arise in all areas of quantum informa-
tion, and so a number of investigations have been conducted on determining
when a channel has this form. Important recent works on the topic include
a proof that detecting mixed unitarity is NP-hard in general [32], and an
analysis of the mixed unitary rank of channels [16]. We also mention earlier
work on the class from different perspectives [3, 17, 22].
Below we present a theorem that provides a connection between mixed
unitary channels and nullspaces of entanglement breaking channels; first
however we need the following result, which may be found as Theorem 1 in
[16], but we will provide a short proof here for completeness.
Lemma 4.2. Let Φ : Mn(C) → Mn(C) be a channel with canonical com-
plement ΦC :Mn(C)→Md(C). Then Φ is mixed unitary implemented with
r unitaries if and only if there exists an isometry W : Cd → Cr such that,
for all X ∈ Mn(C) with Tr(X) = 0, the matrix WΦC(X)W ∗ has all of its
diagonal entries equal to 0.
Proof. Suppose first that Φ is mixed unitary; then there exist unitaries
{Ui}ri=1 and probabilities {pi}ri=1 and an isometry W , naturally determined
by the canonical complement description, such that the (i, j) entry of the
matrix WΦC(X)W ∗ is equal to Tr(√pipjU∗j UiX). Setting i = j we get
piTr(X) and so for all traceless X, the diagonal entries of this matrix are 0.
For the converse, suppose an isometry W = (wij)r×d exists with the
property that each of the diagonal entries of WΦC(X)W ∗ are zero for all
traceless X. Define V˜i =
∑d
j=1wijVi for 1 ≤ i ≤ d, where {Vi} are a set of
Kraus operators for Φ. Then {V˜i} is also a set of Kraus operators for Φ asW
is an isometry, and one can check the (i, j) entry satisfies (WΦC(X)W ∗)ij =
Tr(V˜j
∗
V˜iX). In particular, we have
Tr(V˜i
∗
V˜iX) = 0
for all i, and for all traceless X. Hence we have V˜i
∗
V˜i ∈ {I}⊥⊥ , and so
V˜i
∗
V˜i is a (non-zero) multiple of the identity: V˜i
∗
V˜i = piI. Thus, Ui :=
1√
pi
V˜i is unitary, and V˜i =
√
piUi. That the set {pi}ri=1 forms a probability
distribution follows from trace preservation of the original map:∑
i
piI = [V˜1
∗
V˜2
∗
. . .][V˜1 V˜2 . . .]
t = [V ∗1 . . . ]W
∗W [V1 . . .]t =
∑
i
V ∗i Vi = I;
the last equality using the fact that the {Vi} are Kraus operators for Φ. 
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We use the term diagonal algebra to mean an algebra that is unitarily
equivalent to the (commutative) subalgebra of diagonal matrices inside the
full algebra of square matrices of a given size. Any quantum channel whose
range is contained in a diagonal algebra must be entanglement breaking.
This fact appeared in [42] however we include a short proof for completeness.
Lemma 4.3. Let E : Md(C) → Mr(C) be a quantum channel whose range
is contained in a diagonal algebra, then E is entanglement breaking.
Proof. Let {ui}ri=1 be an orthonormal basis of Cr such that {uiu∗i }ri=1 span
the range of E. Then there exist linear functionals {φi}ri=1 on Md(C) such
that E(X) =
∑r
i=1 φi(X)uiu
∗
i . If X ≥ 0, then E(X) ≥ 0 which means
φi(X) ≥ 0 for all i. Hence for 1 ≤ i ≤ r, there exists positive semidefinite
Fi ∈ Md(C) such that φi(X) = Tr(FiX). Since E(X) is trace preserving,
Tr(X) =
∑r
i=1 φi(X) = Tr(X(
∑r
i=1 Fi)) for all X. Therefore
∑r
i=1 Fi = Id.
Since E(X) =
∑r
i=1 Tr(FiX)uiu
∗
i has a Holevo form, it is entanglement
breaking. 
We are now ready to state and prove the theorem connecting mixed uni-
tary channels to nullspaces of entanglement breaking channels, and to the
notion from quantum privacy discussed in Section 2.
Theorem 4.4. Let Φ : Mn(C) → Mn(C) be a channel with canonical
complement ΦC : Mn(C) → Md(C). Then Φ is mixed unitary and im-
plemented with r unitaries if and only if there exists a quantum channel
E : Md(C) → Mr(C) of Choi rank r taking Md(C) onto an r-dimensional
diagonal algebra, such that E privatizes the range of ΦC ; that is,
E(ΦC(X)) =
1
r
Tr(X)Ir ∀X ∈Mn(C).
Proof. First suppose Φ is mixed unitary and implemented with r multiples of
unitaries. By Lemma 4.2 there must be an isometry W : Cd → Cr such that
WΦC(X)W ∗ has 0 on its diagonal whenX is traceless. Let w1, . . . , wr be the
columns of W ∗; then w∗iΦ
C(X)wi = 0 for all traceless X. Also the condition
that W is an isometry may be phrased as Id =W
∗W =
∑r
i=1wiw
∗
i .
Define pi =
1
n
w∗iΦ
C(I)wi. As Φ
C is trace preserving and W an isometry,
we have that
∑r
i=1 pi =
1
n
Tr(In) = 1.
Let {u˜i}ri=1 be any orthonormal basis for Cr scaled uniformly by 1√r ,
so u˜i
∗u˜j = r−1δij, and rescale these again to form the vectors {ui}ri=1 :=
{√pi−1u˜i}ri=1 which still form an orthogonal basis for Cr. Then define
the entanglement breaking map E to have Kraus operators {uiw∗i : Cd →
Cr}ri=1. It is clear that the Choi rank of E is r, from the fact that Range(E) =
span{uiu∗i }ri=1 and the fact that the {ui} form an orthogonal basis.
Then, for any X ∈ Mn(C), write X = n−1Tr(X)I + X0 where X0 is
traceless, and observe
E(ΦC(X0)) =
r∑
i=1
uiw
∗
iΦ
C(X0)wiu
∗
i = 0.
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That is, E annihilates the traceless part of Range(ΦC). Thus it remains to
see what E does to ΦC(I):
E(ΦC(I)) =
r∑
i=1
1
pi
u˜iw
∗
iΦ
C(I)wiu˜i
∗
= n
r∑
i=1
pi
pi
u˜iu˜i
∗
=
n
r
Ir,
which follows from the definition of pi and the fact that
√
ru˜i form an
orthonormal basis for Cr.
Observe that although the map E is not trace preserving in the usual
trace, the range of E, the operator space span{uiu∗i }, is unitarily equivalent
to the r-dimensional diagonal algebra, ∆r ∼= Cr; suppose the unitary imple-
menting this is V . Let P = V ∗diag(p1, · · · , pr)V , which is clearly a positive
definite matrix in the commutant span{uiu∗i }′ = span{uiu∗i }, and hence we
may define the trace TrP = Tr(DV
∗PV ) for D ∈ V ∗∆rV , and E is in fact
trace-preserving with respect to this new trace. This is because
Tr(ΦC(I)) = Tr(ΦC(I)W ∗W ) =
r∑
i=1
w∗iΦ
C(I)wi = n
r∑
i=1
pi.
For the other direction, suppose E : Md(C) → Mr(C) exists and has
the required property of annihilating the traceless part of Range(ΦC) and
mapping ΦC(I) to a multiple of the identity.
As the range of E is a commutative algebra, ∆, the trace on ∆ must have
the form Tr∆(D) =
1
n
Tr(DP ) for some P ∈ ∆′ = ∆. Also, for any set of
Kraus operators of the form {uiw∗i }mi=1 (m ≥ r) for E, we must have that
uiu
∗
i ∈ ∆, and hence {ui} must contain an orthogonal set of vectors from
Cr; though redundancy is possible, there is no loss of generality in assuming
the rank-one projections uiu
∗
i are unique; as we know the Choi rank of E is
r, the set {ui}ri=1 is in fact an orthogonal basis.
Then, for any traceless X0, we have that
E(ΦC(X0)) =
r∑
i=1
〈wi,ΦC(X0)wi〉uiu∗i = 0,
and since {ui} are orthogonal, the rank one operators uiu∗i are linearly
independent and so w∗iΦ
C(X0)wi = 0 for all i.
Finally, since E is trace-preserving between the regular trace on Md(C)
and Tr∆, we have that
r∑
i=1
wiu
∗
iuiw
∗
i = P.
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Hence the matrixW ∗ with columns 1‖ui‖wi is an isometry from C
d into Cr in
the inner product 〈v,w〉P = 〈v, Pw〉 with the property that WΦC(X0)W ∗
has zeroes on the diagonal. By Lemma 4.2, Φ must be mixed unitary. 
The following pair of examples illustrate the mechanics of the theorem
construction and the test it provides in special cases of interest.
Example 4.5. Let ΦCD :Mn(C)→Mn(C) be the completely depolarizing
map, recall as characterized by ΦCD(X) =
Tr(X)
n
In for all X ∈Mn(C). One
set of Kraus operators for this map is { 1√
n
Eij}ni,j=1, and hence the canonical
complement is given by
ΦCCD(X) =
n∑
i,j,r,s=1
Tr(EsrEijX)Eir ⊗ Ejs;
and thus ΦCCD(X) = In ⊗X.
Let {Ui}ni=1 be any set of mutually orthogonal unitaries in the trace inner
product on Cn; for example the Weyl unitaries Wij := X
iZj where X is the
cyclic shift and Z is diagonal with diagonal entry Zii = ω
i, where ω is a
primitive nth root of unity.
Let ui = vec(Ui), the vector obtained by stacking the columns of Ui into
a column vector. It is well known that vec(XUi) = In ⊗Xui and hence
Tr(X) = Tr(U∗i XUi) = 〈ui, (I ⊗X)ui〉.
As the ui are mutually orthogonal, the matrix V with columns
1√
n
ui is a
unitary, and satisfies
V ∗ΦCCD(X)Vii =
1
n
〈ui, (I ⊗X)ui〉 = 0
whenever Tr(X) = 0 and so ΦCD must be mixed unitary. Indeed, one
can verify directly that the map ΦCD is implemented with Kraus operators
given by any maximal set of orthogonal unitaries, evenly scaled for trace
preservation.
Hence, if we form the entanglement breaking channel E : Mn2(C) →
Mn2(C) to have Kraus operators { 1√neiu∗i }n
2
i=1, where ei is the standard
basis for Cn
2
, we see that
E(ΦCCD(X)) = E(In ⊗X) =
1
n
n2∑
i=1
〈ui, (Ik ⊗X)ui〉Eii = Tr(X)
n
In2 .
Example 4.6. Consider the Werner-Holevo channel Φ : M3(C) → M3(C)
defined by Φ(X) = 12 (Tr(X)I −Xt), where Xt denotes the transpose of X.
It is well known that this map is not mixed unitary (see [31]). We will use
Theorem 4.4 to detect this fact.
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One can check that a set of Kraus operators for Φ are given by the fol-
lowing three matrices:
K1 =

0 0 00 0 12
0 −12 0

 , K2 =

 0 0
1
2
0 0 0
−1
2 0 0

 , K3 =

 0
1
2 0−1
2 0 0
0 0 0

 .
Now it follows that in this case the complementary channel is Φ itself;
that is, ΦC = Φ as can be verified directly from the definition of ΦC . As the
channel has Choi rank equal to 3, we have ΦC = Φ :M3(C)→M3(C). Sup-
pose Φ is mixed unitary with r unitaries. Then by the proof of Theorem 4.4
we have an entanglement breaking map E : M3(C) → Mr(C) of Choi rank
r such that E(ΦC(X)) = 1
r
Tr(X)Ir. As the range of Φ = Φ
C is the whole
matrix space M3, the entanglement breaking map E is essentially the com-
pletely depolarizing map X 7→ Tr(X) Ir
r
from M3(C) to Mr. However, we
know that this map has Choi rank 3r, which gives a contradiction.
5. Construction of Private Algebras for Entanglement
Breaking Channels
In this section, we build on the nullspace analyses above to derive con-
structions of algebras privatized by certain entanglement breaking channels.
We first review some details of an important operator structure from opera-
tor theory [10], which in more recent years has also found a role in quantum
information [11, 24, 29, 38, 39].
Definition 5.1. The multiplicative domain, MΦ, of a completely positive
map Φ :Mn(C)→Mn(C) is the ∗-subalgebra of Mn(C) given by:
{A ∈Mn(C) : Φ(AX) = Φ(A)Φ(X); Φ(XA) = Φ(X)Φ(A) ∀X ∈Mn(C)}.
We note that for unital maps (Φ(I) = I), a projection P belongs to MΦ
if and only if Φ(P ) is a projection [38]. From [39], we also know that for
any unital PPT map Φ (and in particular this applies to the dual Φ† of any
entanglement breaking channel), and any projection P in the multiplica-
tive domain MΦ, that Φ(X) = Φ(PXP ) + Φ(QXQ) = Φ(P )Φ(X)Φ(P ) +
Φ(Q)Φ(X)Φ(Q) for all X ∈ Mn(C), where Q := I − P . It is also the case
that Φ(P )Φ(X) = Φ(X)Φ(P ). We can use this to show that if P,Q are
orthogonal projections in the multiplicative domain, that any X for which
PXQ = X must satisfy Φ(X) = 0, as
Φ(X) = Φ(PXQ) = Φ(P )Φ(X)Φ(Q) = Φ(PQ)Φ(X) = 0.
The following structural result on the multiplicative domain of dual maps
for entanglement breaking channels is used in our results below and may be
of independent interest.
Lemma 5.2. Let Φ :Mn(C)→Mn(C) be an entanglement breaking channel
given by Eq. (2). Let MΦ† be the multiplicative domain of Φ†, and let
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{Pk}rk=1 ⊆MΦ† be a set of mutually orthogonal projections summing to the
identity. Then for all i there is a unique k such that vi = Pkvi.
Further let Rk ⊆ {1, 2, · · · , d} for 1 ≤ k ≤ r be the subsets determined
by the partition generated by the Pk, and define Wk = span{wj}j∈Rk . Then
Wk are mutually orthogonal subspaces and the projections Qk onto Wk are
a set of mutually orthogonal projections summing to the identity. Moreover,
for all X ∈Mn(C) and 1 ≤ k ≤ r we have
Φ(QkX) = PkΦ(X) = Φ(X)Pk = Φ(XQk),
and so if X = QkXQl with k 6= l, then Φ(X) = 0.
Proof. Since each Pk ∈ MΦ† , for k 6= l we have
Φ†(Pk)Φ†(Pl) = Φ†(PkPl) = 0.
Also since Φ†(X) =
∑
iwiv
∗
iXviw
∗
i , if we denote Rk = Φ
†(Pk) then we have
for k 6= l,
0 = Tr(RkRl) =
∑
i,j
(v∗i Pkvi)(v
∗
jPlvj)|〈wi, wj〉|2.
So every term in the sum must be zero, and in particular when i = j, we have
‖wi‖2(v∗i Pkvi)(v∗jPlvj) = 0. Hence for each i, v∗i Pkvi > 0 for at most one k.
As ‖vi‖ = 1 and
∑
k Pk = I, we must have exactly one index 1 ≤ k ≤ r such
that Pkvi = vi.
Let Vk = Range(Pk), so that Cn =
⊕r
i=1 Vk is an orthogonal direct
sum decomposition of Cn. Thus, the projections Pk impose a partition
of {1, 2, · · · , d} into subsets Rk such that Vk = span{vj}j∈Rk . (Note it may
be the case that some Rk = ∅.) Next we show that the same partition also
induces an orthogonal direct sum structure on the {wi}di=1 vectors.
Since Pkvj = χj∈Rkvj where χ is the indicator function, we may write
Rk := Φ
†(Pk) =
∑
j∈Rk
(v∗jPkvj)wjw
∗
j =
∑
j∈Rk
wjw
∗
j .
As the Rk have mutually orthogonal ranges, for k 6= l we have
0 = Tr(RkRl) =
∑
i∈Rk,j∈Rl
|〈wi, wj〉|2,
so each term in the sum is zero, and it follows thatWk andWl are orthogonal.
Hence , the projections {Qk} have mutually orthogonal ranges. Further,
the subspace spanned by their (projection) sum Q =
∑
kQk must be the
identity as Q projects onto ∪rk=1Wk = span{wi}di=1 = Cn; the last equality
following from I =
∑
iwiw
∗
i .
NULLSPACES OF ENTANGLEMENT BREAKING CHANNELS AND APPLICATIONS13
Finally, for 1 ≤ k ≤ r we can compute:
Φ(QkX) =
d∑
i=1
(w∗iQkXwi)viv
∗
i
=
∑
i∈Rk
(w∗iXwi)viv
∗
i
=
d∑
i=1
(w∗iXwi)Pkviv
∗
i
= PkΦ(X),
and the other equalities are proved in the same way. Specifically, these
equalities imply for k 6= l:
Φ(X) = Φ(QkXQl) = PkΦ(XQl) = PkPlΦ(X) = 0,
and the result follows. 
Remark 5.3. From a nullspace perspective, note that in any basis which
mutually diagonalizes all Qk simultaneously, with block matrix structure
corresponding to the division of Cn into direct summands Wk, any matrix
X that is supported entirely on the off-diagonal blocks of the decomposition
is annihilated by Φ. In equation form, this says for all X ∈ Mn(C) that
Φ(X) =
∑
j,kΦ(QjXQk) =
∑
k Φ(QkXQk) =
∑
k PkΦ(X)Pk.
The complete depolarizing channel discussed above obviously privatizes
the full algebra Mn(C), and in that case MΦ† = CI, and P1 = I = Q1.
More generally, given that the vectors vi, wi which determine the rank-one
form of an entanglement breaking channel can be arbitrary, up to the trace
preservation condition being satisfied, it is reasonable to expect that generic
channels from the class will not privatize any non-trivial algebra. Neverthe-
less, based on the analysis above, we finish by identifying two special classes
of channels that do privatize algebras.
Theorem 5.4. Let Φ : Mn(C) → Mn(C) be an entanglement breaking
channel, with operator-sum form as given in Eq. (2). Suppose MΦ† con-
tains a rank-one projection P = vv∗. Then Φ privatizes the algebra A =
span{wiw∗j : Pvi = vi, Pvj = vj} to P ; that is,
Φ(A) = Tr(A)P ∀A ∈ A.
Proof. First note that A is indeed a ∗-algebra, even though it is only defined
as linearly closed, as it is a self-adjoint operator space and closed under
multiplication.
Given the Kraus operators {viw∗i }di=1 for Φ, suppose we have a (nonempty)
subset Rv ⊂ {1, . . . , d} and unit vector v ∈ Cn such that v = vi for all
i ∈ Rv. Then A = span{wiw∗j : i, j ∈ Rv}. Put P = vv∗ and let Q be the
projection onto span{wi : i ∈ Rv} as in the proof of Lemma 5.2.
14 D. W. KRIBS, J. LEVICK, K. OLFERT, R. PEREIRA, M. RAHAMAN
To complete the proof it is enough to show that Φ(wiw
∗
j ) = Tr(wiw
∗
j )P
for any fixed i, j ∈ Rv. This follows from multiple applications of Lemma 5.2
in the following calculation, in which we take an arbitrary X ∈Mn(C):
Tr(Φ(wiw
∗
j )X) = Tr(Φ(Qwiw
∗
jQ)X)
= Tr(PΦ(wiw
∗
j )PX)
= (v∗Xv)Tr(PΦ(wiw∗j )P )
= (v∗Xv)Tr(Φ(Qwiw∗jQ))
= (v∗Xv)Tr(Φ(wiw∗j ))
= (v∗Xv)Tr(wiw∗j )
= Tr(Tr(wiw
∗
j )PX),
and where the second last equality uses the trace preservation of Φ. As X
was arbitrary, the result follows. 
Of course the algebra defined in the theorem could be trivial from a
qubit encoding viewpoint – either {0} or having no matrix structure – but
evidently there are many examples of entanglement breaking channels for
which a non-trivial algebra and rank-one projection exist and satisfy the
conditions of the theorem.
Example 5.5. Consider the physically described single qubit ‘spontaneous
emission’ channel [35], Φ : M2(C) → M2(C) given by Φ(ρ) = e1e∗1 for all
density operators ρ; that is, Φ privatizes the entire algebra M2(C) to P =
e1e
∗
1. Here we have two Kraus operators A1 = E11 = e1e
∗
1, A2 = E12 = e1e
∗
2,
and so v1 = e1 = v2, w1 = e1, w2 = e2 in the Eq. (2) form of the channel. The
dual map satisfies Φ†(X) = (e∗1Xe1)I for all X ∈ M2(C), and in particular
the projection P belongs to MΦ† (as it is mapped to a projection by Φ†).
Also we see the algebra from the theorem satisfies A =M2(C) in this case.
(In terms of the lemma notation, here P1 = e1e
∗
1, P2 = e2e
∗
2, Q1 = I,
Q2 = 0.)
Similarly, higher dimensional versions of the spontaneous emission chan-
nel are covered by this result; Φ : Mn(C) → Mn(C), with Φ(ρ) = e1e∗1, and
Kraus operators Ak = e1e
∗
k for 1 ≤ k ≤ n. Here the algebra A is the full
matrix algebra and it is privatized again to P = e1e
∗
1 ∈ MΦ† .
One can generalize this class of examples further, by considering entan-
glement breaking channels for which the vectors that determine the Kraus
operators {viw∗i } have the property that an index subset Rv of the vi sat-
isfy vi = v for some fixed vector v and all i ∈ Rv. Then the algebra
A = span{wiw∗j : i, j ∈ Rv}, which could have non-trivial structure depend-
ing on choice of the wi, would be privatized to P = vv
∗ by Φ. For instance,
if |Rv| = k and {wi : i ∈ Rv} is an orthogonal set of (non-zero) vectors,
then A is unitarily equivalent to Mk(C) and would satisfy Φ(A) = Tr(A)P
for all A ∈ A.
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We finish by identifying another class of entanglement breaking channels
that privatize special types of matrix algebras.
Theorem 5.6. Let Φ :Mn(C)→Mn(C) be an entanglement breaking chan-
nel. Suppose there are mutually orthogonal projections Pk, 1 ≤ k ≤ r, inside
MΦ† such that the projections Φ†(Pk) all have the same rank. Let A be any
∗-subalgebra of Mr(C) with constant diagonals. Then Φ privatizes an algebra
∗-isomorphic to A.
Proof. Note first that the operators Qk = Φ
†(Pk) are indeed projections as
each Pk ∈ MΦ† . Let s = rank(Qk) and for each k putWk = QkCn. For each
pair 1 ≤ k, l ≤ r, let Vkl be a partial isometry on Cn with initial projection
V ∗klVkl = Ql and final projection VklV
∗
kl = Qk. The Vij set up a r × r block
matrix picture for operators with domain and range supported on the range
of the projection Q =
∑r
k=1Qk.
We can then define a ∗-isomorphism Ψ : Mr(C) → Mn(C) by Ψ(A) =∑r
k,l=1 aklVkl for matrices A = (akl). Note the image of Ψ inside Mn(C) is
unitarily equivalent to Mr(C) ⊗ Is. Moreover, as Ψ(A) =
∑
k,l aklQkVklQl,
by Lemma 5.2 we have
Φ(Ψ(A)) =
r∑
k=1
Φ(QkΨ(A)Qk) =
r∑
k=1
akkΦ(Qk)
and Φ(Qk) = PkΦ(I) = Φ(I)Pk, so that
Φ(Ψ(A)) =
( r∑
k=1
akkPk
)
Φ(I) = Φ(I)
( r∑
k=1
akkPk
)
.
Now consider a ∗-subalgebra A of Mr(C) with constant diagonals, akk =
Tr(A)
r
for all 1 ≤ k ≤ r and A = (akl) ∈ A. Let P =
∑
k Pk. Then from the
above calculation we have for all A ∈ A,
Φ(Ψ(A)) =
r∑
k=1
1
r
Tr(A)PkΦ(I) =
Tr(A)
r
(PΦ(I)) =
Tr(A)
r
(Φ(I)P ).
Hence Φ privatizes the algebra Ψ(A) and the result follows. 
Remark 5.7. Algebras satisfying the condition of having all diagonal entries
the same are plentiful and may be generated by taking any partition of the
integer r =
∑p
k=1mk, and factoring each part in the partition mk = ikjk;
then there is a unitary U such that, after conjugation by U , the algebra
⊕pk=1Imax ik,jk ⊗ Mmin ik,jk(C) will have this form. In particular, for any
expression of r as a sum of squares, r =
∑p
i=1 i
2
k, we find that there is a
unitary so that U
(⊕pk=1Iik ⊗Mik(C))U∗ has the property we seek.
Example 5.8. For an explicit example of a subclass of entanglement break-
ing channels that satisfy the conditions of the theorem, take a positive inte-
ger n with factors n = rs.
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For each 1 ≤ k ≤ r, choose an orthonormal set of vectors {wi,k : 1 ≤ i ≤
s} ⊆ Cn and let Qk be the projection onto the (s-dimensional) subspace they
span. Then, I =
∑
kQk and Qk =
∑s
i=1wiw
∗
i . Next, for each 1 ≤ k ≤ r
choose sets of non-zero (but not necessarily orthogonal) vectors {vi,k : 1 ≤
i ≤ s} ⊆ Cn, subject to the constraint v∗i,kvj,l = 0 whenever k 6= l. Let Pk
be the projection onto the subspace spanned by {vi,k}i.
Let Φ be the entanglement breaking channel with Kraus operators
{vi,kw∗i,k : 1 ≤ i ≤ s, 1 ≤ k ≤ r}.
Then P1, . . . Pr are a family of mutually orthogonal projections that belong
to the multiplicative domainM†Φ, as they are mapped to projections, in fact
Φ†(Pk) = Qk. Also recall each Qk is rank-s. Thus, Theorem 5.6 applies,
and Φ privatizes a family of algebras that are isomorphic to subalgebras of
Mr(C) with constant diagonals, as per the construction of the proof.
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